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Abstract 

Exact, degenerate two-forms = dOk on time-extended space R x M 
which are invariant under the unsteady, incompressible fluid motion on three- 
dimensional region M are introduced. The equivalence class up to exact 
one-forms of 6k is splitted by the velocity field. The components of this split- 
ting corresponds to Lagrangian and Eulerian conservation laws for helicity 
densities. These are expressed as the closure of three-forms 6^ A 0; which 
depend on two discrete and a continuous parameter. Each 9^ is extended to 
a symplectic form on i? x M. The subclasses of ^fc's giving rise to Eulerian 
helicity conservations is shown to result in conformally symplectic structures 
on i? X M. The connection between Lagrangian and Eulerian conservation 
laws for helicity is shown to be the same as the conformal equivalence of a 
Poisson bracket algebra to infinitely many local Lie algebra of functions on 
Rx M. 
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1 Introduction 



In this work, we shall concern with the problem of constructing infinitely 
many helicity type integrals for three dimensional incompressible fiuids anal- 
ogous to the enstrophy type Casimirs of two dimensional fiows. We shall 
express Lagrangian and Eulerian conservation laws using invariant differen- 
tial forms constructed for each kinematical (particle relabelling) symmetry of 
the velocity field. The relation between these two types of conservation laws 
will be shown to be equivalent to the conformal relation between Poisson and 
Jacobi structures on time-extended space of fiows. The invariants under con- 
sideration are related to the description of reduced phase space of Eulerian 
equations of ideal fiuids which are the orbits of coadjoint action of the group 
Dif fvoi{M) of volume preserving diffeomorphisms of the fiow domain M. 

1.1 The problem of coadjoint orbits 

The motion of an ideal fluid on a Riemannian manifold M can be formulated 
as geodesic motion with respect to a right-invariant metric on Dif fyoi{M) 
[|I|],0. The Lie algebra Xdiv{M) consists of divergence- free vector flelds on 
M tangential to the boundary of M. The dual X^^^{M) of the Lie algebra 
is the space (M) / dC°° (M) of non-exact one-forms on M which can be 
identifled with Arfj„(M) via L^— inner product 0. In particular, identifying 
the velocity fleld v with the one-form via the isomorphism deflned by the 
metric of M, the dynamical formulation of an ideal fluid as geodesic motion 
on Dif f^oi{M) can be reduced to the Lie-Poisson dynamics 

on Xdiv{M) The physical problem of describing the reduced phase 

space of the Eulerian equations (|1|) of hydrodynamics, or the equivalent math- 
ematical problem of the description of orbits of coadjoint action for the group 
of volume preserving diffeomorphisms involves intersections of inflnitely many 
Casimir functionals of the Lie-Poisson structure which, by deflnition, satisfy 

{H,C}^Lp{v) = - j t;-ff,^]/iM = (2) 
JM Ov dv 

for all functionals H on the reduced phase space. That means, they are in- 
variants of any dynamics described by Eq.(|l|) on coadjoint orbits and hence 
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characterize the reduced phase space rather than the reduced dynamical 
equations 

For (+)Lie-Poisson structure described by the bracket in Eq.(|^), the 
Casimirs are left invariant functions on orbits associated with the right action 
of Dif fyoi{M). In fluid mechanical context, the right action corresponds to 
the particle relabelling symmetries while the left action generates the motion 
This group theoretical description of motion is essentially independent 
of the dimension of the flow space M. In spite of this fact, qualitatively dif- 
ferent results were obtained for Casimirs of even and odd dimensional flows 

m-m. 



Proposition 1 Let M be a Riemannian manifold of dimension m with a 
volume fi]\j. The Eulerian equations (|7[j have infinitely many generalized 
enstrophy type integrals 

U{V) = I <l>{{dMvY/flM)f^M (3) 
JAI 

if m = 2n and, for m = 2n + 1 there exist at least one generalized helicity 
invariant 

I{v) = [ v'a {dMv'r (4) 

where du is the exterior derivative on M and is the one-form obtained by 
lowering the indices of v by the metric on M . 

Apart from incompressible fluids, the physical framework of this result has 
been shown in Ref. H, with slight modifications, to include the equations of 



superconductivity [jT5[,[Q, barotropic fluids |jT6[ and ideal magnetohydro dy- 
namics [01,|TB[. 

It has been concluded in Ref. ||^ that there might be the possibility of 
connecting the integral invariants and (^) to symplectic properties of the 
space of trajectories of the velocity field. In fact, for two-dimensional flows, 
this connection is well-understood in the framework of the natural symplectic 
structure of M defined by its volume two-form. In this case, one can represent 
the generators of the symmetry algebra X^iviM) by Hamiltonian vector fields 
and hence it can be identified with the space of nonconstant functions on 



M endowed with the canonical Poisson bracket (see section (|3.1| and Refs 



,||19||). It then follows that for each infinitesimal symmetry of the velocity 
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field one can associate a continuous family of Casimirs of the form of 



depending on its Hamiltonian (or stream) function |20 . 

In this work, relying on a symplectic set-up analogous to the one in two- 
dimensions, we shall construct infinite families of helicity integrals for three 
dimensional flows. The geometric framework to be employed will also enable 
us to investigate the kinematical properties of invariants in the context of 
Jacobi structures which includes Poisson, symplectic, conformally symplectic 
and contact structures as particular cases. 

1.2 Content of the work 



In Ref. [^1, we introduced, for incompressible flows on a three-dimensional 
region M of Euclidean space, a symplectic structure on i? x M . Using the 



automorphism algebra of this structure we obtained, in Ref. [^], the gen- 
erators of volume preserving diffeomorphisms on M and showed that they 
can, as in two dimensions, be represented by Hamiltonian vector fields. This 
enabled us to express the Lie- Poisson bracket through the Poisson bracket of 
invariant functions on M . In this work, we shall utilize these results, which 
will be summarized in the next section, to construct infinite families of he- 
licity invariants and to obtain a kinematical interpretation of them in the 
framework of particle relabelling symmetries. 

In section (3), associated to each infinitesimal symmetry we shall intro- 
duce invariant two-forms which are closed and degenerate. This will en- 
able us to express conservation laws globally as the closure of the three-forms 
9k A Qi where 9k are potential one- forms satisfying d9k = Qk- The densities 
which are conserved at each point of trajectories will be called Lagrangian. 
By an Eulerian conservation law we shall mean a divergence expression in 
which the integral over fluid domain of a density is conserved [^. We shall 
show that the type of conservation laws is determined by different classes 
of one-forms 9k characterized by their orientation and invariance properties 
with respect to the flow of the velocity field. 

In section (4), we shall give a characterization of the connection between 
Lagrangian and Eulerian conservations of helicity in the framework of Jacobi 
structures on i? x M. We shall first extent the two-forms to symplectic 
forms on i? X M without altering their invariance properties. We shall then 
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establish the correspondences 



, , . Eulertan con formally 

relative , . , , . 

^ conservation ^ symplectic (5) 

invariants , ^ ' 

laws structures 

characterized by invariance with respect to flow. Each family is parametrized 
by functions on R x M not in the kernel of dt + v. Moreover, we shall show 
that they are conformally equivalent to the corresponding families in the 
relations 

, , , Laqranqian , , . 

absolute , . symplectic 

conservation ^ , , . id) 

invariants , structures 

laws 

We shall conclude that the kinematical interpretation of invariants of coad- 
joint orbits are connected with the conformal properties of the space of tra- 
jectories, and these can be understood better in the framework of local Lie 
algebraic structures on the function spaces over Rx M rather than with the 
geometry of Diff^oi{M). 



2 Kinematical symmetries 

The motion of an incompressible fluid in Lagrangian coordinates can be de- 
scribed as geodesic motion on the group Dif f^oi{M) of volume preserving 
diffeomorphisms of M via left action by evaluation. The right action of the 
group generates the particle relabelling symmetries. A divergence-free frozen 
in vector fleld can be used to cast the suspended velocity fleld on Rx M into 
Hamiltonian form. Under certain conditions automorphisms of the symplec- 
tic structure can be identifled with the inflnitesimal time-dependent sym- 
metries on X M of the velocity fleld. The velocity fleld itself separates 
the inflnitesimal symmetries into generators of reparametrizations and dif- 
feomorphisms of M. All these generators can be realized as Hamiltonian 



vector flelds. These results will be summarized from Refs. 0] and ||22 



2.1 Kinematical description and symplectic structure 

Let the open set Mq C i?'^ be the domain occupied initially by an incom- 
pressible fluid and x{t = 0) = xo E Mq be the initial position, i.e., a 
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Lagrangian label. For a fixed initial position xq, the Eulerian coordinates 
x(t) = gt{xo) define a smooth curve in describing the evolution of fluid 
particles. For each time t & I G R, the volume preserving embedding 
gt : Mq — » gtiMo) = M (Z R^ describes a configuration of fluid. A flow- 
is then a curve t ^-^ gt in the group Dif f^oi{M) of volume preserving dif- 
feomorphisms. The time-dependent Eulerian (spatial) velocity field Vt that 
generates gt is defined by 

§ = ^ = (-,o*)W=..(t.:.) (7) 

where Vtogt is the corresponding Lagrangian (material) velocity field 
Since gt is volume preserving, Vt{x) is a divergence-free vector field over 
M and Eq.(|^) is a non-autonomous dynamical system associated with it. 
The Lagrangian description of fluid motion is the description by trajecto- 
ries |^,|Q-|]2^, that is, by solutions of non-autonomous ordinary differential 
equations (0) or, equivalently, by solutions of the autonomous system repre- 
sented by the suspended velocity field 

dt + v{t,x), v = \-V (8) 

on the time-extended space / x M. 

The velocity field is right invariant. Hence, the generators of the right 
action which form the infinite dimensional left Lie algebra of Dif f^oi{M) 
are infinitesimal particle relabelling symmetries. The dynamical formulation 
on T*Dif fyoi{M) when reduced by these symmetries results in the (-l-)Lie- 
Poisson structure on X^^^{M). The Eulerian dynamics on the coadjoint orbits 
is determined by a right-invariant functional on / x M. The Eulerian dy- 
namical equations can be used to construct a formal symplectic structure for 
(D on a time-extended domain I x M 

Proposition 2 In the Eulerian description of motion of an incompressible 
fluid in 3D let the dynamics of the velocity field v be governed by 

_ + v.Vv = F (9) 

and assume that the divergence-free vector field B and the function ip satisfy 

^+[v,B]=0, ^ + vi^) = (10) 
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which are the frozen-field equations. Then, dt + v is a Hamiltonian vector 
field with the symplectic two-form 

Q = u -\- (7 Adt , a = i{v){u!) — du^ , Ci; = B ■ (fix A (ix) (11) 

and the Hamiltonian function ip. Here, i{v){-) is the interior product with 
the vector field v. The invariant density in the symplectic volume 

= ii7 A = p^dt Adx Ady Adz (12) 

is given by = B{ip) 

Following Ref. we shall show that the symplectic set-up of proposition 
(H) for three dimensional flows is an appropriate modifications of natural 
geometric tools of two dimensional flows in the sense that it enables us to 
construct the generators of volume preserving diffeomorphisms and to repre- 
sent them by Hamiltonian vector fields on M. 



2.2 Reparametrization and particle relabelling sym- 
metries 

A time-dependent vector field U = ^dt + u on I x M is an infinitesimal 
geometric symmetry of the Lagrangian motion on M described by v if the 
criterion 

[dt + V, idt + u] = (0 + v{mdt + v) (13) 
is satisfied. These are the most general symmetries of the system (1^) of first 



order ordinary differential equations Starting with the Hamiltonian 

vector fields 



Mo = -P^'B , f/i = -Uoih^){^t + v) + - p-'Vip x V/ii • V (14) 



associated with the symplectic two- form Q and the functions t and hi, where 
hi is arbitrary, one can generate infinitely many infinitesimal automorphisms 
of fl. These are vector fields satisfying Cu^^^fl) = where 'Cu,.{-) is the Lie 
derivative. The automorphism algebra of Q can be identified with infinitesi- 
mal symmetries of v if dhi/dt = f{(p) for some function /. In this case, the 
vector fields 

Mo, Ui, Uu = {Cu,f-\uo) , k>2 (15) 
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generate an infinite hierarchy of time-dependent infinitesimal Hamihonian 
symmetries of the velocity field v. 

In order to relate these symmetries to the volume preserving diffeomor- 
phisms of M it will be appropriate to adopt a coordinate independent defini- 
tion of the dynamical system associated with v because the velocity field 
is defined only implicitly by some non-linear Eulerian dynamical equations. 
This can be achieved by the interpretation of the system as an algebraic 
variety {x — v(t,x) = 0} C J^^i^{I x M) of the first jet space over (t,x). 
This can be embedded into / x T^M and thus, Eqs.(^ define a section of the 
first jet bundle over I x M represented by dt + v. As for any such section, this 
induces the unique connection T = dt ® {dt + v) on I x M I p2|,|2^-[pO| 



The connection F on / x M dictated by the velocity field v splits the vector 
fields Uk of the form C,kdt + Uk into horizontal and vertical generators 

Ui'=Udt + v), Ul=Uk-ikV (16) 

of reparametrization symmetries which are gauge transformations and of dif- 
feomorphisms on M, respectively. Here, ^^'s are conserved functions of the 
velocity field and hence we can identify the algebra of reparametrization 
symmetries with the kernel oi dt + v in C°°{I x M). UJ^^s are divergence-free 
vector fields on M with respect to the time-dependent volume 

fiM = 'i{dt){fi) = Pipdx A dy A dz = —a Auj = dj^f A u (17) 

on M induced from the symplectic volume if and only if hi is conserved under 
the flow oi dt + V. This greatly simplifies the form of vector fields (^) to 

Uk = ik{dt + v) + Wk, Uk = ikV + Wk (18) 

where the left-invariant vector fields on M 

IVi = p- V/ii X V<^ ■ V , Wk = {Cw,f-\u,) , k>2 (19) 

are /XM-divergence free. Introducing the time-dependent functions 

^, = -uo{h), ^, = -uo{hk), hk = {Wi)''-\^i) , k>2 (20) 

which are in the form of potential vorticities we have 

Wk = p-'VipxVhk-V , k>2 (21) 
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and these satisfy the Lie bracket relations 

[Wk, Wi] = p- X Vhik ■ V = -Wu (22) 

of the left Lie algebra of Dif fi,oi{M). The invariant functions 

hik = p-^Vip ■ Vhi X Vhk (23) 

and hence Wki are antisymmetric in their indices. For each element of the 
hierarchies Uk,Uki this process can be continued to find time-dependent, 
divergence-free vector fields uo,Wk,Wki, ■■■ on M which commute with the 
suspension dt + v. 

2.3 Hamiltonian structures of symmetries 



The vector fields Uk are Hamiltonian with the symplectic two-form (pUf) and 
the Hamiltonian functions hk. For the generators Wk of volume preserving 
diffeomorphisms we have, from Ref. 



Proposition 3 's are manifestly Hamiltonian with the Namhu-Poisson 
type bracket 

{f,9}^ = p-'^V-^fx'^9, (24) 

characterized by the function (p, and with the Hamiltonian functions hk- The 
closed two-forms 

-ujk = i{Wk){fiM) = A i{Wk){uj) (25) 
on M can be identified with the left-invariant elements of X^^^{M). 



The first equality in Eqs. (p5D is the invariant definition of the curl vector 
and it implies the Clebsch representations 

Pip^k = V X (fVhk = -V X hkVif (26) 

of Wfc's. Since 

i{Wk){uj) = B X Wfc ■ rfx = dMhk + ikduV (27) 



we also conclude from Eqs.(|25f) that the two-forms cufc are exact ujk = dMik 
for one-forms 7^ G A^{M)/dMC°°{M) defined up to differential of functions 
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on M. Conversely, since the map du '■ A^{M)/dMC°°{M) Image{dM) C 
A^(M) does not depend on the representatives we have the identifications 

[7fc] ^oOk^Wk (28) 

between equivalence classes of one-forms modulo exact one-forms, closed two- 
forms and the generators Wk of volume preserving diffeomorphisms. 
The Lie bracket algebra of left-invariant vector fields Wk is isomorphic, via 

W{H,M = -Wki = m,Wi] , (29) 

to the Poisson bracket algebra (0) of generalized potential vorticities on the 
flow space M. Analogous to the canonical Poisson bracket for two dimen- 
sional flows, the Hamiltonian structure on M of the vector fields Wk can be 
used to write the (+)Lie-Poisson bracket in three dimensions in terms of the 
Poisson bracket (|2^ ) on M. 



2.4 Nilpotent generators 



The Poisson bracket (|24D is degenerate and possesses a Casimir function on 
/ X M. If this is one of the functions hk for some k > 1, then we have, by 
comparing Eqs.(p^ and (0), that Wk = 0. It follows from Eqs.(19) that 

CwAWi) = {Cw,y{uo) = {Cw,y'''-'\Wk)=0, yi>k. (30) 



This, together with Eqs. (|22D and (^) imply that Wi is a nilpotent ele- 
ment of the (possibly infinite dimensional) algebra generated by the finite 
set {uq, Wi, VF^-i} of vector fields. Then, by Jacobson-Morozov theorem 
[^,[^ there exist vector fields, say iyo)W^-i) in this finitely generated al- 
gebra satisfying the Lie bracket relations 

[WuWo]=2Wi, [Wi,W.i] = Wo, [W.i,Wo] = -2W.I (31) 

of the sl{2,R) algebra. Even though the Casimirs of the bracket (|^) gives 
zero functional on the orbits, the geometric structures arising from this case, 
that is, from the nilpotency of Wi is non-trivial and results in Godbillon-Vey 
type invariants We refer to Ref. |^ for an investigation of this 



case which requires a separate treatment, its relation with the symplectic 
structure Q as well as physically relevant applications. To this end, we shall 
solely assume that Wi is not a nilpotent element of Xdiv{M). In other words, 
the Casimir of ( p4t ) is different from the invariant functions hk of potential 
vorticity type. 
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3 Helicity conservations 



We shall construct invariant differential forms of the velocity field associated 
with the infinitesimal symmetries. We shall then express the conservation 
laws as closure of three-forms obtained from various combinations of invari- 
ants. The resulting divergence expressions imply that the integral over the 



flow domain of a density is conserved. As in Ref. these will be called 
Eulerian conservation laws. Under certain conditions the divergence expres- 
sion reduces to the vanishing of the time derivative of the density itself. That 
means, the density is conserved at each point of the flow domain. This will 
be called a Lagrangian conservation law. We shall show that the distinction 
between types of conservation laws is kinematical and can be characterized 
by gauge transformations on invariant forms. 

3.1 Symplectic structure and integral invariants 

We shall discuss and compare the relations between symplectic structures, 
Eulerian equations, infinitesimal sjTumetries and integral invariants for two 
and three dimensional flows. The ideas to be employed in the rest of this 
section will rely on these observations. The construction of infinite fami- 
lies of helicity integrals will be motivated by proposition (|^) connecting the 
symplectic two-form Q to the integral invariant I{v). 

The time-dependent, divergence-free velocity field f on a two-dimensional 
domain M with coordinates (x, y) , and its curl vector field w perpendicular 
to M can be expressed by means of a function = ipit, x, y) as 

ox oy ay ox oz 
and they satisfy the frozen-field equation for w 

^ + {0, ^}can = (33) 

where { , }can is the canonical bracket on the two-dimensional domain M. 
The Hamilton's equations (|33D are equivalent to the Euler equations of ideal 



fluid in two dimensions and by the Lie algebra isomorphism p9| ) to the 



condition for w to be an infinitesimal time-dependent symmetry of f [36 
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We observe that the formal restriction of the symplectic two-form (^) 
to the vector fields ( p2D manifests its interplay with the two dimensional 
Eulerian dynamical equations. Namely, we find that the degenerate two- 
form 

n = -{d(p + (j)dip) Adt + (f)dx Ady (34) 

is closed whenever Eq.(^) holds. Moreover, the suspended velocity field 
dt + v in three dimensions is Hamiltonian provided the Hamiltonian function 
(f satisfies the same equation. 

To reveal the connection between the symplectic structure Q and the 
helicity invariant I{v) of proposition (|1|) we shall consider, in the notation of 
proposition ([l|) or of Refs. 0-0, the Lie-Poisson equations ([|) for the kinetic 
energy functional, that is, the Euler equations of ideal fluids. We recall that 
a differential p— form a is said to be a relative invariant for a vector field V 
if there exist a. p — 1— form f3 such that 

Cvia) = dp . (35) 
If /? = 0, a is said to be an absolute invariant P^,p7|,p5[ . 



Proposition 4 On a three-dimensional Riemannian manifold M the Euler 
equations of ideal fluids for a divergence-free vector field v tangent to the 
boundary of M are 

— + V^v = -grad{p) (36) 

where p is the pressure and grad is taken with respect to the metric on M. 
Define the exact two-form uj by 

u = duv^ = i{w){nM) (37) 

where the second equality is the invariant definition of the curl vector or the 
vorticity w. Then, uo is an absolute invariant of dt +v, or equivalently, w 
is an infinitesimal symmetry of v, that is, a frozen-in field. The symplectic 
two-form is exact 

n=-d9, 9 = {^ + p+^v^)dt-v^ (38) 

and it is an extention to I ^ M of uj on M via Euler equations j^Sdj). 6 and 
6 AQ are relative invariants. The integrand in I{v) of proposition ([^ is the 
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scalar density in the three-form 6 A^l and is associated with the infinitesimal 
symmetry w of the velocity field. The identity 

d{e AQ) + nAn = o . (39) 

is an expression for the (Eulerian) conservation law of helicity in divergence 
form. 

Proof: Using the identity (Vt,f)'' = Cy{v^) — duv"^ 1'^ in Eq.(|36|) and taking 
the derivative du of resuhing equation we obtain uj^t + -^^,(0;) = [0. So, lo 
is an absolute invariant for dt + v. In terms oiuj = i{w){fiM) this gives 

= iiiw)ifiM)),t + CMw){fiM)) (40) 
= i{w^t){fJ'M) + i{w){{fiM),t) + i{w){Cv{^M)) + i{[v, w]){^,m) (41) 
= i{w^t + [v,w]){^,M) + i{w){{^.M),t + C^i^-Ai)) (42) 

where we used the identity C.ooi{w)—i{w)oC^ = i{\v,w]) in obtaining the 
second equation. Since hm is invariant, the second term in Eq.(^) vanishes 
and the fact that it defines a volume imphes w^t + [v, w] = 0. Thus, w is an 
infinitesimal symmetry of v. 

Solving v\ from the Euler equations in the derivative of 9 one obtains the 
symplectic two-form Q. Equivalently, it can also be obtained from u = dj^v'' 
by replacing dM with d, solving the time derivative of the velocity field from 
the Euler equations ( pB] ) and adding the one-form cpdt with cp being any 
conserved function of v. The Lie derivatives 

£a,+,(^)=rfx, C9,+.{0An)=d{xn) , x = V + P-\v^ (43) 

express the relative invariances of 9 and 9 AVL. For the last conclusion, we 
compute 

= d{9 An)+VtAn (44) 
= d[v^ A duv" + [(</? + p + -v'^)dMv" - A {du^ - iiy){uj))] A dt] 

+2dMv' A {dM^ - i{v){ijo)) A dt (45) 
= [{v^ A dMV^),t + cImHp + ^v^)dMV^ + ^(^)(^) A )] A dt (46) 
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which is the divergence expression for the local form of the conservation law 
for the total helicity I{v). • 

Note that the helicity flux in Eq.(PBD is independent of the function 
(fi which we have introduced by hand to make the symplectic form non- 
degenerate. The function x the invariance expressions (|43|) is related, 
in Ref. ||39|, to the invariance under the particle relabelling symmetries of 
the Lagrangian density of the variational formulation of Eqs.(^) in which cp 
corresponds to the sum of the potential energies of the fluid ||2^ 
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3.2 Invariant differential forms 

Proposition (^) explains the connection between conservation law for the 
helicity integral I{v) and the curl w of f viewed as an infinitesimal symme- 
try. It, moreover, gives a recipe to construct the conserved density in I{v) 
starting from w. We shall now apply this to the generators Wk of particle 
relabelling symmetries and obtain infinitely many integrals of the form of 
I{v). Our presentation of invariant forms will be three-fold (c.f. Eqs.(^7|- 
(^9D). The abstract coordinate independent form of them (c.f. Eqs.(^7D) 
will serve for generalization to and for computation (as in proposition (^) 
on any Riemannian manifold M. The Clebsch representation of them (c.f. 
Eqs.(^Sp) will follow from our earlier results presented in section (2). The 
coordinate expressions in the notations of three-dimensional vector calculus 
(c.f. Eqs.(^Sp) will be used to make the results more excessible as well as to 
justify the invariant formulation. 

Proposition 5 The exact, degenerate two-forms 

Gfc = ujk + i{v){ujk) Adt (47) 
= dip A dhk (48) 
= -p^[Wfc ■c/xArfx+ (Wfc X v) -c/xAc/if:] (49) 

are absolute invariants of the velocity field. They are the extentions to the 
space I X M of ujk's and can he obtained by replacing dM in Eq. by 
d = dM + dt Adt- 

Proof: The degeneracy 

efcAe, = o, \/k,i (50) 
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can be seen by direct computation. The closure and absolute invariance of 
cjfc's imply via Eg . (^7]) the closure of Ofe's. For Eg . (^91) the closure of 9^ 
follows from the conservations of p^, V ■ v = 0, V ■ (pi^W^) = and the left 
invariance of WkS. The absolute invariance follows from the closure of 
and that it annihilates the extended velocity field. Employing the Poincare 
lemma, we introduce potential one-forms 6^ 

Qk = dOk , -9k = ^pkdt + Ak Ak = Ak ■ rfx (51) 

where ipk and the representative Ak of the one-form 7^ satisfying dMik = 
are defined by the eguations 

cjk = dMAk , Ak^t - i{v){ujk) = dMipk (52) 

or eguivalently, 

dAh 

P^Wk = V X Afc , + p^Wk xv = V^k (53) 



the first of which can be regarded as to define the Clebsch potentials |24],p6| 
Ak for the vector fields Wk- Ofc's can be obtained from Uk = djyjAk by 
replacing dM with d and solving Ak from Egs.(0). • 

The one-forms 6k whose derivatives give 0^ are defined up to differential 
of an arbitrary function on / x M. The invariance properties of dkS are 
characterized by these functions. Since exact forms on X^^^{M) result in 
zero functionals, one-forms 

[Ok] = {Ok + dXk I dOk = Qk, h G C°°(/ X M)} (54) 

constitute an eguivalence class on coadjoint orbits. However, they can be 
distinguished by the velocity field according to their behaviour under its flow. 
To this end, we shall assume that the one-forms 6k as given by Egs.(^T]) and 
( |52[ ) are all annihilated by the extended velocity field 

t{dt + v){ek) = ~^k-t{v){Ak) = Vfc (55) 

which will avoid the proliferation of various exact one-forms in the foregoing 
discussions. Having fixed this gauge for UkS, we compute 

Cat+y{9k) = di{dt + v){dk) = dxk , Xk = h,t + v{\k) (56) 
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so that, if Xk is not a conserved function for the velocity field ^^'s are only 
relatively invariant. Thus, the type of invariance of ^^'s separates the class 
( |51D into subclasses 

[e^r = {Ok + d\k I dOk = e,, Afc G ker{dt + i;) C x M)} (57) 

[OuY = {Ok + d\k I dOk = Qk, Xk e C^{I X M)/ker{dt + v)} (58) 

of absolutely and relatively invariant one-forms, respectively. Here, we iden- 
tify elements of ker{dt + v) which differ by an additive term linear in the time 
variable. We shall take the representatives of [6'^]" as defined by Eqs. (pT|) and 
(|52D. We thus have the decomposition 

m = [ekT © [OkY ■ (59) 

of one-forms on / x M which can alternatively be interpreted as the splitting 
of T*{I X M) into horizontal and vertical subspaces by the connection dt ® 
(dt + v). 

3.3 Lagrangian conservation laws 

We shall first construct helicity densities which are conserved at each point of 
trajectories of the velocity field. These Lagrangian conservation laws will be 
formulated using a pair of invariant potential one-forms one of which is in the 
class [6k]"' of absolutely invariant ones. In the case of Clebsch representations, 
a proper orientation of them becomes nesessary. 

Proposition 6 For k ^ I and for 9k G [Ok]"", the closure of the three-forms 
6k A Qi is equivalent to conservations of helicity densities Ak ■ W/ under the 
flow of the velocity field. 

Proof: The three-forms are closed identically by the property (|50[) of the 
two-forms 6^. To obtain the conservation laws we write 

9k AQi = p^Afc -Wi dx A dy A dz + 

pA'^kWi + (v ■ Ak)Wi - (W, ■ Afc)v] -d^Ad^Adt (60) 
= p^{Ak ■ Wi){dx Ady Adz - w ■ d^Adii.Adt) (61) 

where we used Eqs. (|5lD , (|53|) , the vector identity A^x (W/ x v) = (v-Afc)W/ — 
(W/ • Afc)v and Eg. ([55|) . Applying d to (^) we get 

^{Ak ■ WO + V ■ V(A, ■ Wz) = (62) 
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which is the expression for a Lagrangian conservation law. • 

Two particular solutions to Eqs. (^3]) are given by the one-forms 

9'^ = —hkdip , 6'1 = (fdhk (63) 

which are connected with the Clebsch representations ( p6l) of WkS. The 
existence of Lagrangian conserved densities of helicity type depends on the 
proper choice of orientation for the potential one-form which is a topological 
property. For the above solutions 

V^fc = /ifcV5,t , = -^hk,t , A" = hkV^p , A+ = -ipVhk (64) 

of Eqs. (|53D which follows from Eqs.(^7D the absolutely invariant three-forms 

e+ A deOl = 9^ AQi = ipdhk Ad(pA dhi (65) 
= ^p\Vhk X V<y9 ■ Whi dx Ady A dz 
Vhi X {ip^t'Vhk — hk^t'Vip) + hi^t^hk x Vy?) ■ fix A rfx A dt] (66) 

are the non-zero products of 9;'s with 6'fc's \/ k ^ I whereas 9^ AQi = 0\/ k,L 
In Eq.(^6]) the helicity density is recognized to be the volume density in the 
three space with coordinates {hk,hi,ip'^/2). 

3.4 Eulerian conservation laws 

The conservation of helicity density at each point of trajectories is, a con- 
sequence of the absolute invariance which follows from the condition (|53|). 
The violation of the condition within the cohomology class of the potential 
one-forms by a gauge transformation, that is, by the addition of an exact 
one-form not in the kernel of dt + v changes the character of conservation 
laws. Since the operators d and Cq^+^ commute the absolute invariance of 
two-forms are not affected by such a transformation. However, for the 
corresponding class of three-forms 9k A d9i we have 

Ca,+,i9k A d9i) = d{xkd9i) (67) 

and hence the distinction by invariance under velocity field in the class of 
one-forms can be carried over to the class of three-forms. This, in turn, 
changes completely the character of the Lagrangian conservation laws 

d{9k A d9i) = (68) 
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of proposition (^. Namely, for each Xk 7^ constant within a given class of 
one-form 6k one obtains a conservation law of divergence type. 

Proposition 7 (1) Each representative of the class [6k] parametrized by the 
function space C°°{I x M) gives infinitely many conservation laws of helicity 
type expressed as the closure of the three-forms 6k AQi , W I k. 

(2) For potential one-forms in [6k\°' the conservation law is of Lagrangian 
type ^^), while for those in [6kY it is an Eulerian conservation law. 

(3) For each Lagrangian invariant, there are infinitely many Eulerian 
conservation laws parametrized by C°°{I x M)/ker{dt + v) all of which are 
equivalent within the class of defining three-forms. 

(4) Each Eulerian conservation law associated with 6^ A Qi degenerates 
into the equivalent Lagrangian one whenever Wi is tangent to the level sur- 
faces of Xk- In this case, the functions Wi{\k) are also Lagrangian conserved 
densities. 

Proof: Representing a one-form 6k in the class ( |5^ ) by 

6k = (pkdt + ak-dx, (j)k = \k,t -^k , afc = VA^ - (69) 

we compute the three-form 

—6k A d6i = p^ak ■ W/ dx A dy A dz -\- 

pA^k^i + (v ■ ak)Wi - (afc • W^v] -d^Ad^Adt (70) 

to be associated with the helicity type conservation laws. 
(1) The closure of ( [TOD gives 

^ + V • [nkl^r - p^Xk^Vi)] = (71) 

for the generalized helicity densities 

Hki = p^ak ■ Wi = p^{Wi{Xk) - Ak ■ Wi) (72) 

which depend on two discrete and a continuous parameter. For fixed k and 
function Xk, Hki are indexed by the generators Wi of particle relabelling 
symmetries which are infinite in number. For each fixed pair of discrete 
parameters k, I, the continuous parameter in Tiki is the function and this 
characterizes the type of conservation laws. 
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(2) For Afc G ker{dt + v), we have, from Eqs. ([56|) Xk = and Eq.(|7l|) 
turns into a Lagrangian conservation law. 

(3) V Afc G ker{dt + v) the density Tiu in Eq.([7I|) is independent of 



this function because the term Wi{\k) vanishes via commutativity oi dt + v 
and Wi- As takes values in C°°{I x M)/ker{dt + v) we obtain infinitely 
many Eulerian conservation laws with densities Tiki having the Lagrangian 
invariant ■ W; in common and differing only in the term Wi{Xk)- Since 
we fixed the discrete parameters, these conservation laws arise from the same 
class of three-forms. 

(4) Using divergence-free properties of v and Wi, the Eulerian conserva- 
tion law (|7lD can be put into the form 

^ + ^r-VnM = P^Wi{xk) (73) 
from which the last conclusion follows. If Wi{xk) = Wi{{dt + v){\k)) = 0, we 

^ + «(H--,(A.))=0 (74) 

by left-invariance of Wi. • 

As we remarked earlier for the Clebsch representations of WkS, the non- 
vanishing helicity densities result from the proper choice of orientation within 
the class of potential one-forms. This is a topological property whereas the 
distinction (|59D in the cohomology classes of potential one-forms and hence 
in the type of conservation laws is purely kinematical. Moreover, since the 
representatives of the class [9k] can not be distinguished on orbits, there is no 
difference between Lagrangian and Eulerian conserved densities as invariants 
of coadjoint orbits. The gauge degree of freedom in helicity integrals has been 
indicated in |^ . The relation between Lagrangian and Eulerian conservation 
laws has not been made clear because the exact one-form in the representative 
of 6k has been restricted to be an invariant of the velocity field. 

Analogous to the invariants (^ of even dimensional flows, the Casimirs 

C{p,w{p))= / ^{p,w{p)) dx dy dz (75) 

JM 

depending on the arbitrary function $ has been considered for three-dimensional 
motions However, contrary to (1) involving Eulerian vorticity vari- 



able, C{p,w{p)) contain Lagrangian information p6 
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It easily follows from the symmetry condition ( ]T3| ) that an infinitesimal 
symmetry takes a conserved density into another one. The last conclusion 
of proposition (|^), on the other hand, makes it possible to have Wi{\k) as 
a conserved function of the velocity field even if itself is not. In fact, for 
negative orientation of the potential one- forms 6k in Eqs.(^) the conserved 
densities Hki consist only of these functions because we have ■ = in 
Eq.m. 



4 Kinematical interpretations 

We shall now seek a characterization of the connection between the Eulerian 
conservation laws and Lagrangian invariants both of which stemm from the 
one and the same hierarchy of infinitesimal symmetries, with the kinematical 
distinction encoded in the invariance properties in the equivalence classes of 
the associated differential forms with respect to the flow of the velocity field. 
We shall find an interpretation of this distinction in the geometric language 
of Jacobi structures on J x M or equivalently, in the Lie algebraic structures 
on C°°{I X M). More precisely, we shall prove 

Proposition 8 The connection between Lagrangian invariants and the hi- 
erarchies of Eulerian conservation laws anchored to them is the same as the 
conformal equivalence of a Poisson bracket algebra to an infinite hierarchy of 
local Lie algebras. 



4.1 Extentions of invariant forms 

To establish the result of proposition (P) we shall consider further extentions 
of two-forms to closed two-forms with maximal rank on / x M, that is, to 
symplectic forms. The degeneracy of Ofc's can be removed by an additional 
term which does not change their closure and invariance properties. In par- 
ticular, these local conditions are satisfied if we demand the extentions of 
6fc's to be symplectic. 

Proposition 9 Let rjk be a time- dependent, closed and left-invariant one- 
form on M which, for k > 0, is different from du'^' and duhk- Then, dt + v 
is locally Hamiltonian with the symplectic two-form 

= Qk + Vk^dt (76) 
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= - [p^ Wfc ■ rfx A rfx + {p^Wk X V - rifc) ■ rfx A c/t] . (77) 

where we let 1]^ = ■ (ix. //, moreover, dt + v is globally Hamiltonian, then, 
there exists time- dependent function (fk such that 

Vk = -dMVk , i{dt + v){Qk) = dipk , k>0. (78) 

In this case, Qk is exact with the canonical one-form 

Ok = '-Pkdt -9k , ^k = -dOk (79) 

where 6k is a representative of the class of one-forms satisfying dOk = ©fe- 6k 
and 6k have the same invariance properties and the identities 

d{6k A fi/) + fifc A = . (80) 

give the helicity conservation laws of proposition (Qj. 

Proof: Using Eqs.(|7|),(|3),(|2|) we compute 

VLkAVti = dMf A {r]i A dMhk + r/fc A dMhi) A dt (81) 
= -{Wk-ni + Wi-Uk) fi (82) 

where fj, is the symplectic volume defined by u. For k = I this gives 

fife A fife = — 2Wfe ■ Uk jJ, = —2Wip X Whk ■ rife p (83) 

and hence the assumptions on rjk make VLk to be non-degenerate. The con- 
ditions of closure and absolute invariance of VLk implies 

duVk = , r]k,t + dMi{v){rik) = (84) 

the first of which makes Qk into a symplectic form. The second equation is 
obtained from 

Cot+y{Qk) = di{dt + v){p^r]k A dt) = p^{'qk,t + dMi{v){r]k)) A dt (85) 

and expresses the advection of rjk by the fiow of v. Eqs.(p^) can also be 
realized as the integrability conditions for the equations 

rik = -dM'^k, i{v){r]k) = (pk,t (86) 
21 



defining the time-dependent function ip^ for given rj^. By the existence of 
these functions the suspended velocity field admits infinitely many symplectic 
formulations 

i[dt + v)(Slk) = dipk, k>0 (87) 

which, for k = 0,uJo = uj and (pk = ^p, coincide with the one we begin with. 
Since 

Cd^+y{ipkdt) = difik + i{,dt + v){dM'^k A dt) = {p>k,t + v{p>k))dt = (88) 
by Eqs.(p6D, we have 

^dt+vidk) = ^dt+viOk) (89) 

and hence the invariance class of 6k is determined by that of 6k in (|5PD. For 
the extended form of the helicity conservation laws we compute 

= -d{6kAei) = -d[{y^kdt - 6k) A {Vli - Vi A dt)] (90) 
= d{6kAni) + ink-Qk) A^i + ^kAVi^dt (91) 
= d{dk A rii) + fifc A • (92) 

Thus, the extentions of degenerate, exact two-forms is induced by a 
translation of the scalar part of the potential one-forms 6k with a conserved 
function of the velocity field 

ipk ^ ipk + '^k ^ 6k ^ 6k , 0fc = d6k ^^k = -d6k . (93) 

The canonical one-forms 6k are relative invariants of v 

jCa^+M) = dipk (94) 

provided the gauge fixing conditions ipk + ^ ■ = hold and they become 
absolute invariants whenever yj^'s are constants, that is, on the level surfaces 
of the Hamiltonian functions in Eqs.(^). The three- forms 6k A fli are also 
relative invariants 

Cd,+MAni) = diipkni) (95) 

which when cpk = constant become absolute invariants because fli are sym- 
plectic. In this case, the helicity densities are Lagrangian invariants. This 
is the particular relation (^ between invariants, geometric structures and 
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conservation laws. Below we shall consider a framework for geometric struc- 
tures on J X M more general than the symplectic one to obtain the relation 
between relative invariances and Eulerian conservation laws. The cor- 
responding Lie algebraic structure on C°°{I x M) is a generalization of the 
Poisson bracket algebra to the one which relaxes the Leibniz' rule and this 
is connected with Jacobi structures on / x M. 



4.2 Jacobi structures 

A local Lie algebra structure on the space C°°{N) of smooth functions on a 
smooth manifold is defined by a bilinear mapping 

{ , } : C°°{N) X C°^{N) C^{N) (96) 

satisfying the conditions of skew-symmetry {f,g} = —{g, /} and the Jacobi 
identity 

{/, {g, h}} + {h, {/, g}} + {g, {h, /}} = (97) 
for arbitrary f,g,h& C°°{N). The bracket is local in the sense that 

support{{f, g}) C support{f) fl supporting) (98) 

and in general, { , } is not a derivation in its arguments. The local Lie 
algebra structure on C°°{N) is linked with the Jacobi structure (A, E) on A^ 
through 

{/, g} = Aidf A dg) + Eifdg - gdf) (99) 

where the bi- vector field A : N A'^{TN) = TN ATN and the vector field 
E on N satisfy the conditions 

[A,A] = 2EAA, [A,E] = (100) 



imposed by the Jacobi identity ( pTf ) The coordinate expression 

of the bracket 

[A, A] = (A;/A'^ + A^^'^A'' + AJA'^) di A dj A dk (101) 

for a bi- vector A = A^^di A dj/2 is familiar from the Jacobi identity for a 
Poisson tensor and, [A,E] = Ce{A) is the Lie derivative |f?|,p9||. 
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The Jacobi structure (A, E) on N includes, as a particular case, the Pois- 
son structure A if = 0. When A is of maximal rank on an even dimen- 
sional manifold N, one can define the two-form Q = A^^ and the one-form 
a = i{E){Q) satisfying the equations 

dn = aAn, da = (102) 

corresponding to Eqs. (|100|) . The pair {fl,a) is called a conformally sym- 
plectic structure on N and it reduces to a symplectic structure Q whenever 



a = 0. Since Q is non-degenerate this is the same as -E = ||43||,|38 



Proposition 10 Let 9^ he a relative invariant so that (f^ 7^ constant. Then, 
for each I the pair 

fin = ^k^i , Oik = dlogipk (103) 

defines a conformally symplectic structure on I x M and an isomorphisms 
from C°°{I X M) into vector fields on I x M. For a function f, the vector 
field Vkif assigned by ^103[ ) corresponds to the Hamiltonian vector field for 
the function f /(^k of the symplectic structure VLi. 



Proof: Since fi^'s are closed Vtkis satisfy the conditions ( |102|) with ak given 
as in (|103|) . To obtain the algebraic consequences we shall work with con- 
travariant objects. The bi-vector dual to Vtk can be computed to be 

Pk = -(Wfe • nfe)-i[W, ■ V A 9i + +(Wfc X V - p-W) ■ V A V] (104) 

and one finds that the contravariant version of ( |102| ) is the Jacobi structure 
defined by the pair 

Pki = —Pi , Eki = -\Pi{d^k) (105) 

which is conformally equivalent to Pi. The pair ( |105| ) satisfy Eqs.( |100| ) and 
hence the brackets 

{f,g]ki = PM{dfAdg) + Eki{fdg-gdf) (106) 

= — {/, 9}i - -^Wk, g}i + ^Wk, g}i (107) 

V^fc V^fc Vk 



where { , }; is the Poisson bracket defined by the bi-vector ( |104| ), fulfill the 
Jacobi identity (p^) for each pair {k,l). 
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The Jacobi structure also provides an isomorphism between the Lie alge- 
bra of vector fields on / x M and the algebra of functions on J x M with the 
local bracket ( |106| ). If we let Vkij denote the vector field corresponding to 
the function / defined by the Jacobi structure ( p.05| ) indexed by {k,l), then 
we find 

Vkif = Pki{df) + fEu = —Pi{df) - -^W^k) = Pi{d{fl^k)) = ^(/M) 

(108) 

which is the Hamiltonian vector field for the function f /(^k defined by the 
Poisson bi- vector P/. Note that the vector field Eki is the Hamiltonian vector 
field for the function / = 1. • 

Thus, in addition to the symplectic structures we have the families 
Vtki of conformally symplectic structures on J x M that coincide with Vti on 
the level surfaces ipk = constant of Hamiltonian function on which Eulerian 
conserved densities become Lagrangian invariants. We therefore conclude 
that the absolute invariance of the canonical one-form, the degeneration of 
Eulerian conservation laws into Lagrangian invariants and, the conformal 
equivalence of the local structures ( |103D to the symplectic structures fli as 
well as of their contravariant versions in Eqs.( |105| ) and ( p.04| ) are all the same. 
This verifies the statement of proposition (H). 

5 Summary, discussions and conclusions 

We shall summarize the main constructions of the last two sections, discuss 
the results and compare them with other works on helicity conservations. We 
shall indicate some generalizations as well as prospectives for a dynamical 
interpretation of helicity invariants. 

5.1 Summary 

Given the frozen in fields B and ip, the Eulerian dynamical equations imply 
that dt + V is Hamiltonian with 

Q = u + {i{v){Lj) — dM'^) A dt . 

The left invariant generators Wk of particle relabelling symmetries can be 
obtained from infinitesimal Hamiltonian automorphisms of Q. The Hamilto- 
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nian structure on M of Wk^ is defined by the Nambu-Poisson bracket 



{/,^7}^ = (p^)"'Vv.-V/x V^?. 

For each A;, i(Wfc)(/^M) = —^k is a closed two-form on M. These can be 
extended to exact, degenerate two- forms 

Qk = oJk + i{v){uJk) ^dt = dOk , -Ok = ijJkdt + Ak (109) 

on / X M which are absolutely invariant under the flow of v. The potential 
one-forms 6k can be classified in accordance with their orientation and in- 
variance with respect to the flow of v. Those which are absolutely invariant 
give the Lagrangian 

^ + V ■ VHki = (110) 
while the relatively invariant ones imply the Eulerian 

^ + V ■ [Hki^r - p^<fkWi)] = (111) 
conservation laws for the generalized helicity densities 

T-tki = P^SLk ■ Wi = p^iWi{Xk) - Ak ■ Wi) . 



The densities satisfying Eqs.( |110] ) and ( |1 1 Ij ) can be parametrized, apart 



from the discrete parameters /c, /, by functions in ker(dt + v) and C°°{I x 
M)/ker{dt + v), respectively. The invariant forms defining the conservation 
laws admit extentions 

ipk ^ -ipk + fk ^ 6k ^ Ok , <dk = d6k ^ Qk = -dOk . (112) 

to symplectic forms on J x M. The conservation laws are expressed by the 
identity d{6k A VLi) + A f2/ = 0. When 6k is relatively invariant, this gives 
an Eulerian conservation law and the pair ipk^i , c^k = dlogipk defines a 
conformally symplectic structure. On the hypersurfaces ipk = constant these 
degenerate into a Lagrangian conservation law and the symplectic structure 
VLi, respectively. 
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5.2 Discussions and prospectives 

We constructed helicity conservation laws from the invariant differential 
forms associated with the particle relabelling symmetries. This can be con- 
tinued by introducing new families of invariant forms. For example, since 
WkS commute with dt + v we can construct invariant two-forms by tak- 
ing Lie derivatives of Q with respect to WkS. This we can compute using 
Cuf,{Q) = which follows from the fact that UkS are Hamiltonian. Using 
the decomposition ( jlSD and the Hamilton's equations for dt + v we get 

CwM = ^ d^k = (113) 

which means that f2 is a relative invariant for Wk, VA;. The degenerate two- 
forms Sfc are absolute invariants for dt + v and are exact = dak- The 
gauge group C°°{I x M) also enters into the definition of S^'s and one can 
proceed as above to construct helicity type conservation laws expressed as 
closure of three-forms 0"^ A E/, 6*^ A and 0"^ A 9^. 



The helicity invariant which is first discovered in H3] have been stud- 



ied in Refs. [|^-[^,||26|,[^,p3[ in the context of Noether theorems. The 



ergodic and topological interpretations of helicity type invariants for three- 
dimensional fiows were introduced and investigated in Refs. [Q-[^,[|lO|,[@]- 



A relation between infinite families of (magnetic) helicity invariants and mag- 
netic surfaces has been remarked in Ref. ||53[. The present construction in- 
herits geometric objects for investigation of coadjoint orbit invariants. The 
framework can also be exploited for studying the interplay between these in- 
variants each of which has been discussed separately in various contexts. For 
example, it offers WkS for linking numbers, UkS for Hopf invariants, G^'s for 
Novikov type invariants and the Godbillon-Vey type invariants arises from 
the nilpotent generators of volume preserving diffeomorphisms. 

We presented the kinematical aspects of helicity invariants in the geo- 
metric language of Jacobi structures. The results of proposition (|T^) are 
suggestive for further investigation, in the context of divergence-free vector 
fields, of the relations between Hamiltonian vector fields isomorphic to a lo- 
cal Lie algebra and Hamiltonian vector fields isomorphic to a Poisson bracket 
algebra. There is also a dynamical content of helicity invariants which will 
be presented in a forthcoming article. This is connected with Liouville struc- 
tures on J X M. A Liouville structure can be defined by a one-form together 



with an action of the multiplicative group i?* of non-zero real numbers [3S 
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In the present context the one-form is precisely the canonical one-form 6 of 
the symplectic structure. The action of i?* is generated by the vector field 
which is dual to the three-form 6 AQ with respect to the symplectic volume. 
The dynamical properties of the fluid, such as viscosity, are implicit in this 
generator. Its divergence gives the evolution equation for the helicity den- 
sity. This reduces to a conservation law for inviscid flows. Its action by Lie 
derivative corresponds to scaling transformations. 



5.3 Conclusions 

The symplectic structure on / x M provided us not only the way to construct 
infinitely many helicity type conservation laws associated with the Lie algebra 
of divergence free vector fields but also a kinematical interpretation of them 
with the Lie algebraic structures on function spaces over finite dimensional 



manifold / x M. In Ref. |54] a similar interpretation with the local Lie 
algebras of Hamiltonian systems of hydro dynamic type, as introduced in Refs. 
35|1 and , was described in the general framework of infinite dimensional 



Lie algebras. 

The type of conservation laws associated with the particle relabelling 
symmetries and, in particular, the construction of infinitely many helicity 
type invariants for three dimensional flows seem to be much related to and 
rely on the conformal properties of the space of trajectories. The present 
framework incorporates the conformal transformations, which are not con- 
tained in Dif fyoi{M), into the study of kinematical invariants in connection 
with the algebraic structures on function spaces. We showed that Jacobi 
structures being associated with local Lie algebras provides a framework for 
investigation of properties which can not be obtained from the geometry of 
DtfUiiM). 
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